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Abstract 



Let (M, g) be a compact Riemannian manifold with boundary. This pa- 
per addresses the Yamabe-type problem of finding a conformal scalar-flat 
metric on M, which has the boundary as a constant mean curvature hy- 
persurface. When the boundary is umbilic, we prove an existence theorem 
that finishes some remaining cases of this problem. 

1 Introduction 

In 1992, J. Escobar ([13]) studied the following Yamabe-type problem, for man- 
ifolds with boundary: 

YAMABE PROBLEM: Let (M n ,g) be a compact Riemannian manifold of dimension 
n > 3 with boundary dM. Is there a scalar-flat metric on M, which is conformal to g 
and has dM as a constant mean curvature hypersurface? 

In dimension two, the classical Riemann mapping theorem says that any 
simply connected, proper domain of the plane is conformally diffeomorphic 
to a disk. This theorem is false in higher dimensions since the only bounded 
open subsets of R", for n > 3, that are conformally diffeomorphic to Euclidean 
balls are the Euclidean balls themselves. The Yamabe-type problem proposed 
by Escobar can be viewed as an extension of the Riemann mapping theorem 
for higher dimensions. 

In analytical terms, this problem corresponds to finding a positive solution 

to 



curvature, h g is the mean curvature of dM and /] is the inward unit normal 
vector to dM. 




(1.1) 



for some constant K, where L g = A g - ^3yjRg is the conformal Laplacian and 
B g = i — ^hg. Here, A g is the Laplace-Bel tr ami operator, R g is the scalar 



The solutions of the equations are the critical points of the functional 



Q(u) = 



where dv^ and da ? denote the volume forms of M and dM, respectively. Escobar 
introduced the conformally invariant Sobolev quotient 

Q(M,dM) = inf{Q(w); u e C l {M),u £ on<?M} 

and proved that it satisfies Q(M,dM) < Q(B",dB). Here, B" denotes the unit 
ball in ]R" endowed with the Euclidean metric. 

Under the hypothesis that Q(M, dM) is finite (which is the case when R ? > 0), 
he also showed that the strict inequality 

Q(M,dM)<Q(B",dB) (1.2) 

implies the existence of a minimizing solution of the equations 

Notation. In the rest of this work, (M n ,g) will denote a compact Riemannian 
manifold of dimension n > 3 with boundary dM and finite Sobolev quotient 
Q(M,dM). 

In |13], Escobar proved the following existence result: 
Theorem 1.1. (/. Escobar) Assume that one of the following conditions holds: 

(1) n > 6 and M has a nonumbilic point on dM; 

(2) n > 6, M is locally conformally flat and dM is umbilic; 

(3) n = 4 or 5 and dM is umbilic; 

(4) n = 3. 

Then Q(M, dM) < Q(B n , dB) and there is a minimizing solution to the equations (1.1 



The proof for n = 6 under the condition (1) appeared later, in lTl4"l . 

Further existence results were obtained by F. Marques in [24] and [25 1. 
Together, these results can be stated as follows: 

Theorem 1.2. (F. Marques) Assume that one of the following conditions holds: 

(1) n>8, W(x) + Ofor some x e dM and dM is umbilic; 

(2) n>9, W(x) + Ofor some x e dM and dM is umbilic; 

(3) n = 4 or 5 and dM is not umbilic. 



Then Q(M, dM) < Q{B", dB) and there is a minimizing solution to the equations (1.1 



Here, W denotes the Weyl tensor of M and W the Weyl tensor of dM. 

Our main result deals with the remaining dimensions n - 6,7 and 8 when 
the boundary is umbilic and W + at some boundary point: 

Theorem 1.3. Suppose that n = 6,7 or 8, dM is umbilic and W(x) + for some 
x e dM. Then Q(M,dM) < Q(B n ,dB) and there is a minimizing solution to the 
equations (1.1 K 
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These cases are similar to the case of dimensions 4 and 5 when the boundary 
is not umbilic, studied in ESI . 

Other works concerning conformal deformation on manifolds with bound- 
ary include Q, 0, 0, 0, 0, EUL E3, E3, ESI, GZL EH, EU and ED. 



We will now discuss the strategy in the proof of Theorem 1.3 We assume 
that dM is umbilic and choose Xq 6 <9M such that W(xo) + 0. Our proof is 
explicitly based on constructing a test function ip such that 

QW<Q(B",dB). (1.3) 

The function i/> has support in a small half -ball around the point Xq. The usual 
strategy in this kind of problem (which goes back to Aubin in [4]) consists in 
defining the function ip, in the small half-ball, as one of the standard entire 
solutions to the corresponding Euclidean equations. In our context those are 



U £ {x) = 



^ 2 



Xf + ... + X 1 ,+(£• + X„) 2 
1 n—1 v ' / 



(1.4) 



where x = (x\, ...,x n ), x n > 0. 

The next step would be to expand the quotient of ip in powers of e and, by 



exploiting the local geometry around Xq, show that the inequality 1 1.3 1 holds if 
e is small. In order to simplify the asymptotic analysis, we use conformal Fermi 
coordinates centered at xq. This concept, introduced in EH , plays the same 
role the conformal normal coordinates (see [23]) did in the case of manifolds 
without boundary. 



When n > 9, the strict inequality 1 1.3 1 was proved in Il24ll . The difficulty 



arises because, when 3 < n < 8, the first correction term in the expansion does 
not have the right sign. When 3 < n < 5, Escobar proved the strict inequality 
by applying the Positive Mass Theorem, a global construction originally due to 
Schoen (I26J). This argument does not work when 6 < n < 8 because the metric 
is not sufficiently flat around the point Xq. 

As we have mentioned before, the situation under the hypothesis of Theo- 
rem 1.3 is much similar to the cases of dimensions 4 and 5 when the boundary 
is not umbilic, solved by Marques in [25 J. As he pointed out, the test functions 
U e are not optimal in these cases but the problem is still local. This kind of phe- 
nomenon does not appear in the classical solution of the Yamabe problem for 
manifolds without boundary. However, perturbed test functions have already 
been used in the works of Hebey and Vaugon ([21]), Brendle (|8|) and Khuri, 
Marques and Schoen (|2~2l). 



In order to prove the inequality 1 1.3 1, inspired by the ideas of Marques, we 
introduce 

(p e (x) = e'^Ruinjix^XiXjxl (x\ + ... + x\_ x + (e + x„) 2 ) 2 . 

Our test function ip is defined as ip = U e + (p e around xq e dM. 

In section 2 we write expansions for the metric g in Fermi coordinates and 
discuss the concept of conformal Fermi coordinates. In section 3 we prove 
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Theorem |l,3| by estimating Q(if>). 



Notations. 

Throughout this work we will make use of the index notation for tensors, 
commas denoting covariant differentiation. We will adopt the summation 
convention whenever confusion is not possible. When dealing with Fermi 
coordinates, we will use indices 1 < i, j, k,l,m,p,r,s <n — l and 1 < a,b,c,d < n. 
Lines under or over an object mean the restriction of the metric to the boundary 
is involved. 

We set detg = detg„i,. We will denote by V„ or V the covariant derivative 
and by A ? or A the Laplacian-Beltrami operator. The full curvature tensor will 
be denoted by Rabcdr the Ricci tensor by R a t and the scalar curvature by R g or R. 
The second fundamental form of the boundary will be denoted by hij and the 
mean curvature, -^tr^hij), by h g or h. By YJ a bcd we will denote the Weyl tensor. 

By R" we will denote the half-space {x = (x\, ...,x n ) e R"; x„ > 0}. If x e R" 
we set x = (xi, ...,x„_i) e R"" 1 = dW. We will denote by B+(0) (or B+ for short) 
the half-ball B 6 (0) n R'j, where B 6 (0) is the Euclidean open ball of radius 5 > 
centered at the origin of R". Given a subset C c R", we set d + C = dC n R" and 
d'C = Cr)dM" + . 

The volume forms of M and dM will be denoted by dv g and da g , respectively. 
The n-dimensional sphere of radius r centered at the origin of R" +1 will be 
denoted by S". By a„ we will denote the volume of the n-dimensional unit 
sphere S". 

For C c M, we define the energy of a function u in C by 
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2 Coordinate expansions for the metric 

In this section we will write expansions for the metric g in Fermi coordinates. 
We will also discuss the concept of conformal Fermi coordinates, introduced 
by Marques in |24], that will simplify the computations of the next section. 
The conformal Fermi coordinates play the same role that the conformal normal 
coordinates (see |23|) did in the case of manifolds without boundary. The 
results of this section are basically proved on pages 1602-1609 and 1618 of 11241 . 

Definition 2.1. Letxo e dM. We choose geodesic normal coordinates (xj, ...,x„_i) 
on the boundary, centered at xq. We say that (xj, ...,x„), for small x„ > 0, are 




Jc \ 



4(n - 1) 



n-2 



: ?" 2 ) dv s + ^ f h g u 2 do g . 
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the Fermi coordinates (centered at x ) of the point exp x (x n rj(x)) e M. Here, we 
denote by r](x) the inward unit vector normal to dM at x e dM. 

It is easy to see that in these coordinates g nn = landgy„ = 0,for/ = l,...,n—l. 
We fix xq e dM. The existence of conformal Fermi coordinates is stated as 
follows: 

Proposition 2.2. For any given integer N > 1 there is a metric g, conformal to g, 
such that in g-Fermi coordinates centered at x$ 

detg(x) = 1 + 0(\x\ N ). 

Moreover, hg(x) = 0(|x| N_1 ). 



The first statement of Proposition 2.2 is Proposition 3.1 of 1 24 ]. The second 
one follows from the equation 

h = zoiTi)*''**" = 2^Tj (l0§det ^'"- 

The next three lemmas will also be used in the computations of the next section. 

Lemma 2.3. Suppose that dM is umbilic. Then, in conformal Fermi coordinates 
centered at xq, hu(x) = 0(|x| N ), where N can be taken arbirarily large, and 

1- 2 1 - 1 3 

g^(x) = djj + —RjkjiXkXj + R n i n jX n + ~Rikjl;mXk%lXm + Rninj;k%n%k ~^Rninj;n%n 

II - 1 - - \ 

\ I I 2 \ q g 

+ ^R-ninj;nk^n^k + I ~^R-ninj;nn + ^RninsR-nsnjJ^n + 0(M ) ■ 

Here, ecery coefficient is computed at Xq. 

Lemma 2.4. Suppose that dM is umbilic. Then, in conformal Fermi coordinates 
centered at Xq, 

(i) R k i = Sym khn (R k i ;m ) = 0; 

(ii) R nn = R nn;k = Symki(R nn;k i) = 0; 
(Hi) R nn -n = 0;_ 

(iv) Symkim V (\Rki imv + \Rik\iR\m] v ) = 0; 

(v) R n „ ; nk = 0; 

(vi) R nn; „„ +2(R nmj ) 2 = 0; 

(vii) Rjj =R nmj ; 

(viii) Rij k „ = Rijk„;j = 0; 

(ix) R = R,j = R n = 0; 

(x) R U = -|(% ; ) 2 ; 

(xi) Rninjyij = — 2~-^;rci7 — (R-ninj) / 

where all the quantities are computed at xq. 
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The idea to prove the items (i),...,(vi) of Lemma 2.4 is to express gu as the 
exponencial of a matrix Au. Then we just observe that trace(A,y) = 0(|x| N ) 
for any integer N arbitrarily large. The items (vii)...(xi) are applications of the 
Gauss and Codazzi equations and the Bianchi identity. We should mention that 
the item (x) uses the fact that Fermi coordinates are normal on the boundary. 

Lemma 2.5. Suppose that dM is umbilic. Then, in conformal Fermi coordinates 
centered at x £ dM, W ahcd (xo) = if and only ifR„i„j(x ) = Wiju(xo) = 0. 



For the sake of the reader we include the proof of Lemma 2.5 here. 



Proof of Lemma 2.5 Recall that the Weyl tensor is defined by 

1 



abed 



R 



(n-2)(n-l) 



- R-adgbc + Rbdgac ~ Rbcgad) 
(gaegbd ~ gadgbc) ■ 



By the symmetries of the Weyl tensor, W„ 



/;;/// 



(2.1) 
0. By the 



identity 1 2.1 1 and Lemma 2.4 (viii), W„ijk(xo) = 0. From the identity < |2.1} again 
and from Lemma 2.4 (ii), (vii), (ix), 



mn] 



n-2 ' 



and 



ijkl 



W, 



ijkl 



- _ 2 [Rninkgjl - Rninlgjk + Rnjnlgik ~ Rnjnkgil) 



at Xq. In the last equation we also used the Gauss equation and Lemma 2.3 
Now the result follows from the above equations. C 



3 Estimating the Sobolev quotient 

In this section, we will prove Theorem |1.3| by constructing a function xp such 
that 

Q(4>)<Q(B",dB). 

We first recall that the positive number Q(B", dB) also appears as the best 
constant in the following Sobolev-trace inequality: 

{Lf'^T'-mhmLr^' 

for every u e H 1 (]R"). It was proven by Escobar ([11 j) and independently by 
Beckner (|6 1) that the equality is achieved by the functions U e , defined in {1.4) . 
They are solutions to the boundary-value problem 

AU e = 0, inU", 

_n_ (31) 

H + (n- 2)!i { T 2 = 0, ondU n + . v ' ' 
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r r 
One can check, using integration by parts, that J R „ \VU e \ 2 dx = (n-2) J 3R „ U e "~ 2 dx 

and also that 

Q(B", dB) = (n-2) If Updx) ' . (3.2) 

Assumption. In the rest of this work we will assume that dM is umbilic and 
there is a point xq e dM such that W(xq) + 0. 

Since the Sobolev quotient Q(M, dM) is a conformal invariant, we can use 
conformal Fermi coordinates centered at Re- 
convention. In what follows, all the curvature terms are evaluated at Xq. 
We fix conformal Fermi coordinates centered at x and work in a half-ball 
B 2 + 6 = B 2 + 6 (0)c]R». 

In particular, for any N arbitrarily large, we can write the volume element 

dv g as 

dv g = (1 + 0(\x\ N ))dx . (3.3) 

In many parts of the text we will use the fact that, for any homogeneous 
polynomial pk of degree k, 

lr> Pk = W^3)Lr> Apk - (3 ' 4) 

We will now construct the test function ip. Set 

(p e (x) = e'^ARninjXiXjxl ((e + x n f + |x| 2 ) 2 , (3.5) 

for A e ]R to be fixed later, and 

4>(y) = AR ninj y iyj yi ((1 + y n ) 2 + |y| 2 )" f . (3.6) 

Thus, <p e (x) = e 1 '^ (p(e~ l x). Set U = U\. Thus, U e (x) = e~' ± 2 i U(e~ 1 x). Note that 
U e (x) + <p £ (x) = (1 + 0(\x\ 2 ))U e (x). Hence, if 6 is sufficiently small, 

hl e < U £ + cj) e <2U e , inB+ 6 . 

Let r i-> x( r ) be a smooth cut-off function satisfying j(r) = 1 for < r < 5, 
X(r) = for r > 26, < j < 1 and \x'(r)\ < G5" 1 if 6 < r < 25. Our test function 
is defined by 

4>(x) = x(M)(u e (x) + 4> e (x)) . 

3.1 Estimating the energy of i/> 

The energy of ip is given by 

E M ^) = £ (|V^f + ^R^) dv g + ^ £ h^da g 

= E Bt (xp) + E B ^ Bt (xp). (3.7) 



7 



Observe that 

|V gl /f < C|V^| 2 < c\v x \ 2 (u e + <p e f + Cx 2 N(U £ + (p e )\ 2 . 



Hence, 



E B + \ B + (</;)< C f \V X \ 2 U 2 dx + C f x Z NU £ \ 2 dx 
+ C I R g U 2 dx + C I h g U 2 dx, 



Thus, 



fWW * Ce n - 2 6 2 -" . (3.8) 



The first term in the right hand side of 1 3.7 1 is 

E B +(i/>) = E B +(!i, + <t>e) 

= JT ||V^(U 6 + cp £ )\ 2 + ^^y^(L7 e + ^) 2 }rf^ 

fi — 2 r 

+ — — h g (U e + (p e ) 2 da g 

Z Jd'Bt 



= [ \V(U £ + (p e )\ 2 dx + Ce"- 2 <5 (3.9) 

+ f - 6'')d,-(U e + ^;(Lf« + <$>e)dx + " - 2 f K ? (U, + ^) 2 rfx. 
Jb+ 4 v n _ l ) J B + 

Here, we used the identity | |3.3| for the volume term and Proposition |2.2| for the 
integral envolving h g . 

Now, we will handle each of the three integral terms in the right hand side 
of ||3.9b in the next three lemmas. 



Lemma 3.1. We have, 



4 


(n 


+ l)(n 


-1) 




8n 




(« 


+ l)(n 


-1) 




Yin 




(n 


+ l)(n 


-1) 



f |V(U e + (pe)\ 2 dx < Q(B n ,dB") f f i/^dx)" ' + Ce^d 2 '" 

JB+ ' \JdM I 
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Proof. Since R n „ = (see Lemma 2.4 ii)), J gn _ 2 R n i n jyiyjda r (y) = . Thus, we see 
that 

f |V(U e + (p e )\ 2 dx = \ |VLJ e | 2 rfx + \ \V$ e \ 2 dx. (3.10) 

Jb+ ' Jb- Jb+ 

Integrating by parts equations fl3.1) and using the identity (|3.2) we obtain 



|VU e | 2 dx < Q(B" /( 9B") I U e ~rfx < Q(B",<?B") ' — 



ip »- 2 dx\ 

In the first inequality above we used the fact that ^ > on d + B1~, where r\ 
denotes the inward unit normal vector . In the second one we used the fact that 

(b e = on dM. 



For the second term in the right hand side of 13.10 1, an integration by parts 
plus a change of variables gives 

f \Vcf) e \ 2 dx < -e 4 f (A(p)(pdy + Ce'^d 2 '" , 
Jb* Jb+ , 

since J d , B+ ^r<ft e dx = and the term e n ~ 2 6 2 ~" comes from the integral over d + B*. 

Claim. The function <ft satisfies 
A<p(y) = 2AR ninj yiyj((l + y n ) 2 + \y\ 2 y'i - 4nAR nm jy,yjy n ((l + y„) 2 + \y\ 2 )~'^ 

- 6nAR„iniyiyjyl(0- + y«) 2 + \y\ 2 )~^ ■ 

In order to prove the Claim we set Z(y) = ((1 + y n ) 2 + \y\ 2 ). Since R, m = 0, 

A(R nmj yiyjylZ-'i) = A{R nin] y i y i y 2 ^Z-'i +R nmj y 1 y j ylA{Z-'i) 

+ Id^Rninjyiyjy^d^Z-'i) + 2d n (R nin jyiyjy 2 n )d n (Z~'i) 
= 2R nin jyiyjZ~i + InRninjyiyjylZ''^ 

- 4nR n i n jy i yjy 2 ,Z~ !! r - 4nR nin jyiyjy n (y n + 1)Z~'^ 
= 2R n i n jyiyjZ-'i - dnRn^yiy^Z''^ 
-AnR nm jyiyjy n Z~^ . 

This proves the Claim. 
Using the above claim, 

(A(p)(pdy = 2A 2 ((1 + y n f + \y\ 2 )- n R ninj R nknl yiyjy k yiy 2 n dy 
Jb + , Jb+ , 

- AnA 2 I ((1 + y„) 2 + Xyfy^RninjR^niyiy^yyyldy 

Jb+ . 

- 6nA 2 I ((1 + y„) 2 + \yfy n ~ x R nin] R nkn iyiyjy k yiy\dy . 

Jb + , 
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Since A 2 (R„i„jR„k„wyjykyi) = 16(R ninj ) 2 , 

| R m „jR„kniy,yjykyido r = - — 2cT "~ 2 ^ n+2 {R nin jf . 

j S n-i (n + i)(n - i) 

Thus, 

be 1 6e 1 

(n + l)(n — 1) l ^ J B ((i + y „)2 + |y|2 r i rf y 

Se 1 

(n + l)(n - 1) ^ J B+ ((1 + y„)2 + |yP)«+ * dJ/ ' 



Hence, 



+ 8n c\\ 2 (r ■ ) 2 f y 3 "!y |4 dv 

+ (n + l){n — 1) ^ J B+ ((1 + y„)2 + |y|2)« + i^ 
(n + l)(n — 1) J r ((1 + y„)2 + \y^^ 



Lemma 3.2. We /za^e, 



(»- 2 ) 2 ^ f dv 

+ i )( „-i) ei W;j B ((1+ )2 + | y |2)n rfy 

* (jR . o 2 r ^ dv 

( nm,) J B+1 (d + y«) 2 + lyl 2 )" y 

fie 1 



(n 

(n - 2) 2 4/ " 4 i»i 2 
2(n-l) r ' 

4»(n-2) 4 ^ 2 f y\\y\ 



(n + l)(n - 1) 

where 



IO(e 4 6- 4 ) j/n = 6, 

Ei = |o(e 5 logCSe" 1 )) jfn = 7, 
1 0(e 5 ) ifn>8. 
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Proof. Observe that 

f - ^)di(Ue + (pe)dj(Ue + <Pe)dx = f (g'i - 5'i)d,U e d jU e dx 

+ 2 f (g'i -5'i)d l U e d j( p e dx+ f (g'i -b^difyedtfedx. (3.11) 



We will handle separately the three terms in the right hand side of | 3.11| . 
The first term is 

f (g'i - 5 i ')(x)d i U e (x)d j U e (x)dx = f (g^ - 6»){ey)diUQ)djU(y)dy 

= (n - 2) 2 f ((1 + y n ) 2 + |y| 2 )""(^ - &)(ey)y iyj dy . 

be- 1 

Hence, using Lemma A-l we obtain 

f ig'' ~ ^){x)diU e (x)djU e (x)dx = 
M 

4j? f y 2 Jyl 4 



(n + l)(n - 1) 



2(n-l) 
where 

F' - 
c 1 - 



2 ^J? ^2 f Vn\y\ 2 



0(e i S) ifn = 6, 

0(e 5 log(6e- 1 )) ifn = 7, 
0(e 5 ) if n > 8 . 



The second term is 



2 f (g'' - 5'')(x)d t U e (x)d j( p £ (x)dx 
M 

= -2 f [gi -&){x)3idjaAx)$e(x)te-2 f (W/lWi)W# 

A + At 

+ 0(e"- 2 6 2 -") 

= -2e 2 f ^-^f){ey)didja(^)dy-2^ f (^)( e y)^U(y)(/)(y)dy 
+ 0(e"- 2 <5 2 -") . (3.12) 
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But, 



-2e 2 f (g'i-d^ieyWdjUiyWtfdy 

= -2{n-2)e 2 A[ ((1 + y n f + lylVV - W){ey) (3.13) 



4w(w - 2) 4 
"(n + l)(n-l) e 



nyiyj - ((1 + y„r + \y\ )5ij\RnMVkViyn 

AiR ' )2 X._,«ttJ!W^^ +£; ' 



where 



fO(e 4 <5) ifn = 6, 

£2 = |o(e 5 log^e" 1 )) ifn = 7, 
0(e 5 ) ifn>8. 



In the last equality of 3.13 we used Lemma A-2 and the fact that Lemma 2.3 
together with Lemma 2.4 i),(ii),(iii), implies 

(g'i - b'i){ey)bijR nknl y k yida,{y) = 0(e 4 |y| 4 )R^ n /y Jt yzd£T r (y) . 

Jsr 2 ' ' ' Jsr 2 

We also have, by Lemma 2.3 and Lemma 2.4 i), 

fO(e 4 6) ifn = 6, 

- 2e 3 (dtf>)(ey)dja<yWy)iy = = 0(e 5 logf&r 1 )) if n = 7, 



0(e b ) 



if n > 8 . 



Hence, 

2 f (g# - 5 i ')(x)d i U £ (x)d j (f> £ (x)dx = £ 2 + £^ 



4n(n - 2) ^ 4 



^2 f y»iyi 4 

A(i? " in/) 1 , ((i + y B )^lyP)- dy 



(n + l)(n - 1) 

Finally, the third term in the right hand side of 1 3.11} is written as 

(g'i - W){x)di<pe{x)d$e{x)dx = e 4 f ^ - ^)(ey)d i( p(y)d j( p(y)dy 



IO(e 4 <5) ifn = 6, 

O^log^e" 1 )) ifn = 7, 
0(e 5 ) ifn>8. 



The result now follows if we choose e small such that log(6e ) > 5 . □ 
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Lemma 3.3. We have, 



f R^U e + <p e ) 2 dx=-^-e% m f 

4(n-l)J BJ 4 8(n-l) J B + ^ ((1 + y„) 2 + 

n-2 



lyl 2 ) 



24(n - 1) 2 



' ,(W '*' )2 I., «idW^ +E '- 



where 



fO(e 4 <5) ifn = 6, 

E 2 = lo(e 5 log(5e- 1 )) tin = 7, 

|o(e 5 ) ifn>8. 

Proof. We first observe that 

I R g (U e + e ) 2 *c = I R g !i 2 dx + 2 I R g U e (f>edx+ \ R g cp 2 dx . (3.14) 
JbJ Jbj Jb+ JBi 



We will handle each term in the right hand side of | |3.14| separately. Using 
Lemma IA-31 we see that the first term is 



(3.15) 



f R g (x)U e (x) 2 dx = e 2 f R g (ey)U 2 {y)dy 

JBi JB + , 



i 4 - 2 f lyl 2 



where 



0(e 4 S) 



if n =6, 



E' 4 = \0(^log(6e- 1 )) tin = 7, 



0(e 5 ) 



if n > 8 . 



By Lemma 2.4 ix), the second term is 

2 f R ? (x)LT f (x)^(x)dx = 2e 4 f K^ey)U{y)^)dy 

0(e 4 <5) ifn = 6, 

O^log^e" 1 )) i£n = 7, 
0(e 5 ) if n > 8 
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and the last term is 



fO(e 4 6) ifn = 6, 

I R^dx = io^logCSe" 1 )) ifn = 7, 
B > |o(e 5 ) ifn>8. 



3.2 Proof of Theorem [131 



Now, we proceed to the proof of Theorem 1.3 



Proof of Theore m \1.3\ It folows from Lemmas 3.1 3.2 and 3.3 and the identities 
ti37\, l|3~8l and &9\ that 



Em(^) < Q(B 



where 



",<?B")( f 
\Jdi 



dM 
2 



2{n-l) 
li> "-2 



+ E 



+ e 



+ e 



+ £ 



- e 



+ e 



+ e 



4A 2 2 r yfJyl 4 . 

„ + i)(»-i)^ J ((1 + y „ )2 + 

(»-2) 2 - r y^lyl 4 , 

n + lXH-D^Mj ((1+ yn )2 + |y|2)n^ 

8nA* 2 f yl\t 

n + l)(n-l) (Knm ' } J B {{1 + yn) 2 + m n + i d y 

6c- 1 

12nA 2 2 f y\\t , 

„ + l)(„-l)^ J B ((i + 3/ „)2 + | y | 2) „ +1 rf 3/ 

4«(n-2)A r yf,lyl 4 

n + l)(n-l) (K "^ J b; i ((l + y„) 2 + lyl 2 )" +1 17 

t (!iz^ (R . ,2 f y»iy' 2 dv 

2(n-l) {K "'"' } J B {{1 + y n) 2 + m n d y 

»-2 r y 2 , 
(n-i) ;nn JB +1 ((i + yn) 2 + lyl 2 )- 2 y 

66- 1 



48(n - l) 2 



fO(e 4 6" 4 ) ifn = 6, 

E = 1 0(e 5 log(6e -1 )) ifn = 7, 
0(e 5 ) ifn>8. 



(3.16) 
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We divide the rest of the proof in two cases. 
The case n = 7,8. 

Set I = J Q (^ pjj„ d r. We will apply the change of variables z = (1 + y H ) _1 y and 
Lemmas |B-l | and B-2 in order to compare the different integrals in the expansion 

These integrals are 

Jul ((i + VnY + \yrr Jo Jr*-' (i + Wr 

2{n + l)a n - 2 l 



(n - 3)(n - 4)(w - 5)(w - 6) ' 



3(n + 1) o n -2 1 



n(n - 2)(n - 3)(n - 4)(n - 5) ' 



h = J K ((i + y n Y + \y\^ dyndy = l y " il + yn) dyn LvTWr^ dz 



12(n + l)a„_ 2 I 



n(n - 2)(n - 3)(n - 4)(n - 5)(n - 6) ' 

Lw^W^Wf dy " dy = X yA1+yn) dyn L(^Wr dz 



2Ao„- 2 I 



(n - 2)(n - 3)(n - 4)(n - 5)(n - 6) 

and 

h = L- i(i + yf + m^ dy " dy = I + y " r " dy " L oW^ 2 

8(n-2)a„_ 2 7 



(n - 3)(w - 4)(w - 5)(n - 6) 
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Thus, 

E M (ip)<Q(B n ,dB n )l [ f& 

\JdM 



K-l 



+ E' 



+ e 



4A 2 



8nA 2 



i 2 + ?^£/4WK„,„,) 2 



(n + l)(n - 1) 1 (n + l)(n - 1) * 2(n - 1) 
\2nA 2 An(n-2)A 



(n + l)(n - 1) (h + l)(n - 1) 



^3 ' (Rninj) 



+ e 



(n-2) 2 



(n + l)(n - 1) 



mn];ij 



+ e 



n-2 
8(n - 1) 

i|2 



-•^^"''^ ((T^IWf^ ^- (3 ' I7) 



where 



E' = 



[OC^logCSe- 1 )) tin = 7, 
\0(e 5 ) ifn = 8. 



Using Lemma 2~4|x i) and substituting the expressions obtained for Ii,...,l5 
in the expansion [ 3.17| , the coefficients of R n i n j;ij and R ;n n cancel out and we 
obtain 



E M {^)<Q{B n ,dB")([ ^) +E' 

\JdM I 

+ e A a n - 2 I ■ y (l6(n + 1)A 2 - 48(n - 2)A + 2(8 - n)(n - 2) 2 } (R ninj ) 
~ £i ^W {W " kl)2 X„ ((i + yJ'W 2 * 3 '' 

where 



(3.18) 



1 



7 



(n - l)(n - 2)(n - 3)(n - 4)(w - 5)(w - 6) 

Choosi ng A = 1, the term 16(n + 1)A 2 - 48(n - 2) A + 2(8 - n)(n - 2) 2 in the 
expansion | 3.18[ is -62 for n = 7 and -144 for n = 8. Thus, for small e, since 
W fl fc c rf(xo) ^ 0, the expansion (3.18 1 together with Lemma [Z5| implies that 



E M (ip) < Q(B 



n ,dB n )l f i 

\JdM 



2(n-l) 



))-2 
n-1 



for dimensions 7 and 8. 
The case n = 6. 



B-l 



We will again apply the change of variables z = (1 + y n )~ l y and Lemma 
in order to compare the different integrals in the expansion 13.16 1. In the next 
estimates we are always assuming n = 6. 
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In this case, the first integral is 

T f A A- f A A - r\(~\ \ 

= f ,n/ n f^n d yndy + o{i). 

Mn\y„<6/2e] ((i + y«) 2 + lyl 2 )" 

Hence, 

IiA/e= y 2 n (l + y„) 3 -"dy n I rfz + 0(l) 

Jo Jr"- 1 (1 + Izl ) 

= log(6e- 1 )^a„_ 2 7 + 0(l). 
n — 3 

The second integral is 

Similarly to h f &f e , the others integrals are 

r 6/2e r izi 4 

= log(6e- 1 )^a„_ 2 J + 0(l) / 

f y i \y\ 2 
k8/e = I , (d + y«V + lyF)"^ 

= log(6e- 1 )a„_ 2 I + 0(l), 
hble = L , ((l + y/^l 2 )-^ 

= log(6e- 1 )-^-^a n _ 2 7 + 0(l) 
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and 



Thus, 



f lyi 2 

l6 " 5/e = J B + , ((i + y^ + lyPr 2 ^ 

-f 

Jo 



(1 + y„) s "dy„ 



2\»-2 



dz + O(l) 



Em(V) < Q(B" 



n ,dB n )\ f ffi 

\JdM 



+ e 



4A 2 



-J 



(n + l)(n - l)~ 1,s/e ' 2(n-l) 
12nA 2 4n(n-2)A 



+ 0(e 4 5" 4 ) 
(n-2) 2 



^4,6/e f (Rninj) 



(n + l)(n - 1) (ft + l)(ft - 1) 
(n - 2) 2 j 

' Rninj;ij + £ 



' (Rninj) 



(n + l)(n - 1) 



l _n-2_ 
8(n-l) 



i _n z 2_ 
48(ft - 1) 2 



(3.19) 



Using Lemma 2.4 xi) and substituting the expressions obtained for h r 5/ e ,---,h,6/e 
in expansion 1 3.19| , the coefficients of R n inj; ij and R ■ nn cancel out and we obtain 



n ,dB")l f 

\JdM 



i — 



+ 0(e 4 5" 4 ) 



+ e 4 log(<5e x )o n -tl- 



6(ft-3)-4 2 _ 2(ft-2) (n-2) 2 (n-5) 
n - 1 2(ft - l)(ft - 3) 
(n-2) 2 



(n-l)(n-3) 
-e 4 log(6e" 1 )ff„- 2 I 



12(n - l)(n - 3)(w - 5) 



(w i/H r 



(3.20) 



Choosing A = 1, the term |^|z|) A 2 - ^^zpA + 2(n-i)"n-3) in tne expansion 



1 3.20 1 is - ^ for n = 6. Thus, for small e, since (x ) + 0, the expansion 1 3.20 
together with Lemma |Z5] implies that 



E M (V) < Q(B 



",<?B")(f i 

\J<9M 



2(n-l) 
1^ »-2 



))-2 
n-1 



for dimension n = 6. 
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Appendix A 



In this section, we will use the results of Section 2 to calculate some integrals 
used in the computations of Section 3. We recall that all curvature coefficients 
are evaluated at xq e dM and we are making use of conf ormal Fermi coordinates 
centered at this point. 

Lemma A-l. We have 

,2 v n+2 



run]; ij 



A v n 



+ On^^-^iRmnj) 2 + 0(e 5 \(r, y n )\ n+5 ) . 



Proof. By Lemma 2.3 



J * if - S tl ){ey)y i y j da r {y) = e 4 J ^ ^n^y.y^yida^y) + 0(e 5 \(r,y n )\ n+5 ) 

2 f 1 2 

/« (^Rninj;nndo r (y) + -R„i„ s Rnsnj)yiyjdo r (y) . 

Jsr 2 iZ ^ 



Then we just use the identity Lemma [2.4| and the fact that 

A 2 (Rninj;kiyiy iVkyi) = 16Rninj;ij • 

Lemma A-2. We have 

X ^ 8 '' ~ 6ii ^ e ^ Rvknmv ' VkVldc7r ^ = (n + l)(n - if n - 2e2 y 2 n r " +2 ( Rnm if 

+ 0(e 5 \(r,y n )r 5 ) 
Proof. As in Lemma |A-1[ the result follows from 

I (g'' - b li ){ey)R nkn iyiy jy k yida r {y) = e 2 y 2 n \ R„i n jRnkniyiyjykyida r (y) 
Jsr 2 Js 1 ;- 2 

+ 0(e 5 \(r,y n )r 5 ), 



the fact that A 2 (R„i„jR n i <n iyiyjyi < yi) = 16(R„j„j) 2 and the identity 1 3.4 1. □ 
Lemma A-3. We have 

J R g (ey)do r (y) = o n . 2 e 2 &fa»-% m - — ^ ^ r*(% ; ) 2 } + 0(e 3 |(r, y„)l" +1 ) . 
Proof. As in Lemma A-l the result follows from 

X , R g( £ y) da '(y) = ^Vl X 2 \ R ;nndo r (y) + e 2 j" ^ ^R.ijyiyjdo r (y) 
+ 0{e\r,y n )r l ), 



Lemma 2.4 x) and the identity f3.4}. □ 
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Appendix B 

In this section we will perform some integrations by parts that were used in the 
computations of Section 3. 

Lemma B-l. We have: 

(a) r s " ds - 2sl r s " +2ds fora + l< 2m- 

W Jo (l+s 2 )"" ~ a+l Jo (l+s 2 )'" +1 'J° r 01 + 1 ZOT ' 

(h) r s " ds = 2m r s " ds for a + l < 2m- 

w Jo (l+s 2 )" 7m-a-\ Jo (l+s 2 )"'*! + 1 ^ "'h 

( c ) C s " ds - 2m - a ~ 3 f°° s " +2rfs for a + 3 < 2m 

(C; Jo (l+s 2 )"' - a+l Jo (l+s 2 )'" 'J OC + O < Lm. 

Proof. Integrating by parts, 

r s a+2 ds r a+1 sds _ a + i r°° s a ds 

Jo (1 + s 2 )»' + i " Jo S (l+s 2 )^ 1 " 2m Jo (l+s 2 )™' 

for a + 1 < 2m, which proves the item (a). 

The item (b) follows from the item (a) and from 

r s a ds r s a (i + s 2 ) _ r°° s a ds , r°° s a+2 ds 

Jo (1 + s 2 )™ "J (1 + s 2 )'«+i S " Jo (1 + s 2 )"^ + Jo (1 + s 2 )'«+i • 
To prove the item (c), observe that, by the item (a), 

r°° s a ds _ 2(m - 1) r° s a+2 ds 
Jo (1 + s 2 )™-i " a + 1 Jo (1 + s 2 ) m ' 
for a + 3 < 2m. But, by the item (b), we have 

r°° s a ds _ 2(w-i) r°° s a rfs 

Jo (l+ s 2)m-i - 2 (m-l)-a-l Jo (l+s 2 )™ ' 



Lemma B-2. For m > k + 1, 



r°° £» 

Jo (1^ 



f) m (m - l)(m - 2)...(m -1-k) 
Proof. Integrating by parts, 



^(l + tf- m dt = t*(i + ty m dt . 

Jo Jo 

On the other hand, 

Jo Jo (l + m Jo (l + f) m Jo (1 + 0™ 



Hence, 

r°° t k k r°° f*- 1 

dt= dt. 

J {i+tr m-i-kX (i + tr 

Now the result follows observing that J Q jf+j^dt = ^ . 
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